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Abstract 

Recently, Mursaleen et al applied (p, g)-calculus in approximation theory and introduced (p, g)-analogue 
of Bernstein operators in m- In this paper, we construct and introduce a generalization of the bivariate 
Bleimann-Butzer-Hahn operators based on (p, g)-integers and obtain Korovkin type approximation theorem of 
these operators. Furthermore, we compute the rate of convergence of the operators by using the modulus of 
continuity and Lipschitz type maximal functions. 
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1. Introduction and Preliminaries 


In 1980 Bleimann, Butzer and Hahn (BBH) [6j introduced the following positive linear 
operators on the space of real functions defined on infinite interval [0, oo): 
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The approximation properties of the Bleimann-Butzer and Hahn operators were studied 
by many authors, e.g. mmmm- In approximation theory, q -type generalization of Bernstein 
polynomials was introduced and studied by Lupa§ |T3j and Phillips [ 2Tj . 

In |8j,[5], the BBH-type operators based on ^-integers are defined as follows: 
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The bivariate case was introduced by D.D. Stancu [25] who studied the bivariate Bernstein 
polynomials and estimated the order of approximation for operators (1.2). 


Very recently, Mursaleen et al applied ( p , q )-calculus in approximation theory and intro¬ 
duced first ( p , g)-analogue of Bernstein operators |16] and studied approximation properties of 
(p, g)-analogue of Bernstein-Stancu operators in \T7\. They also have introduced, Bleimann- 
Butzer and Hahn operators |20j based on (p, g)-integers as follows: 
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where, x > 0, 0 < q < p < 1 
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and / is defined on semiaxis M + . 

The Euler identity based on (p, g)-analogue is defined by 
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Let us recall certain notations on (p, g)-calculus. 

The (p, q ) integers [n] Pj9 are defined by 
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, n — 0,1, 2, • • • , 0 < q < p < 1. 


whereas g-integers are given by 
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It is very clear that g-integers and (p, g)-integers are different, that is we cannot obtain 
(p, q) integers just by replacing q by | in the definition of g-integers but if we put p = 1 in 
definition of (p, g) integers then g-integers become a particular case of (p, g) integers. Thus we 
can say that (p, g)-calculus can be taken as a generalization of g-calculus. 


Now by some simple calculation and induction on n, we have (p, g)-binomial expansion as 
follows 
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and the (p, g)-binomial coefficients are defined by 
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Again it can be easily verified that (p, g)-binomial expansion is different from g-binomial 
expansion and is not a replacement of g by 

By some simple calculation, we have the following relation 

q k [n - k + l] Pi9 = [n + 1] P:Q - p n ~ k+1 [k] p , q . (1.6) 

For details on g-calculus and (p, g)-calculus, one can refer O i26], [22, [23] . respectively. 

Now based on (p, g)-integers, we construct (p, g)-analogue of bivariate BBH-operators, and 
we call it as (p, g)-bivariate Bleimann-Butzer-Hahn operators and investigate its Korovokin type 
approximation properties, by using the following test functions 
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Also for a space of generalized Lipschitz-type maximal functions, we give a pointwise 
estimation. 


2. Construction of operators 

Let R+ = [0, oo) x [0, oo), / : R+ —» R and 0 < q ni , q n2 < p ni ,Pn 2 A 1. We define the bivari¬ 
ate extension of the (p, g)-Bleimann-Butzer and Hahn-type operators based on (p, (/)-integers 
as follows: 
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It is easy to check that (2.1) is linear and positive. For p ni = p n2 = 1, the operators (2.1) are 
reduced to ^-bivariate BBH operators 0 13 - 

Lemma 2.1. Let eij : R+ —y [0,1) be the two dimensional test functions defined in (1-7). Then 
the (p, q)-bivariate BBH operators defined in (2.1) satisfy the following identities. 
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(iii) It can be proved in a similar way. 
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Lemma 2.2. The operators defined in (2.1) satisfy the following conditions. 
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3. Approximation properties of Bivariate operators 

In this section, we obtain the Korovkin’s type approximation theorem for our operators 
defined in (2.1). 

Let C#(R^) be the set of all bounded and continuous functions on R+ which is linear 
normed space with 
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Note that H u C (7b (R+) for the bounded and continuous function / on R + . 

Theorem 3.1 (jUj). Let {A n } be the sequence of positive linear operators from H u { R + ) into 
Cb{ R+), satisfying the conditions 
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Now we prove the bivariate case of Theorem 3.1. 
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holds. Here eij : —> [0,1) defined in (1-7) are two dimensional test functions. 

Proof. For the bivariate case on we have 
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+ (p; 


i ni i 2 

711 / 


and 


M 


Pn 1 


[ni + l] 2 




9m \ K + X ] 


-p; 


Pni ,qni 


Pni ,qni 


ni _ 

Til 


i+ 9m 


Pm) [ n l + !] 2 


Pni 


t n l + 1 ]pn 1 ,9n 1 


Thus we have 

lim II rh >n l’P n 2)>(9« 1 >9n 2 )/ . „ „ II 

P m ni —>00 || J-im,ri 2 U 20 iX,y) e -20 ||c„ 


< Pm ^ 1 
— 9nj 


rr>XL\ 

rni 


2+ 9m] 

P 1 

n i q ni ^ [m+l]p rai , qni Pm [m+l]| ni _ 


1 


1 m Pni 

'I'm ' n„. 


Pnj J [m + l]p ni iQni 
,711 1 


+ Ml) 2 (1 + si) 


[711 + l] pn ^ qn 1 


Pni iQni 
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This implies that the condition (3.3) holds for also % — 2, j — 0 and also in similar way for 
i = 0, j — 2 the proof is true. This completes the proof. □ 


4. Rate of Convergence 


In this section, rate of convergence of operators (2.1) by means of modulus of continuity 
of some bivariate modulus of smoothness functions are introduced. 

The modulus of continuity for bivariate case is defined as follows. For / G is defined by 


f(u,v) ~ f(x,y ) 


U _ X 

1+u l-\-x 


< hi, 


w(/;hi,h 2 ) = sup >0 

U 

where for all / G R W (M + ) hi,h 2 ) satishes the following conditions: 

(i) lim 5ljS2 ^ 0 u(f]S 1 ,S 2 ) -+ 0 


^ 6 ^ ( X,V)€ 


(ii) I f{u, v ) - f(x, y ) |< w(/; hi, h 2 ) 


I U _ X I 

I 1 Tit 1+a? I 


Si 


+ 1 


I v _ y | 

I l+n 1+y ' 


s 2 


+ 1 


Theorem 4.1. Let p = p ni , p = p n2 and q = q ni , q = q n2 satisfying (3.1), for 0 < q ni < 

Pm < 1, 0 < q n2 < p n2 < 1 and if L^n(f l ' 2 n ^' {qn ' ' qn2 ' 1 be the sequence of a linear positive operator 
defined in (2.1). Then for all f G H u ( Mi) and x,y> 0, we have 


- f(x,y ) |< M/;<UAM»)) 


(4.1) 


where 


5 ni {x) = 


K(v) = 


X 2 , 

(PniQ ni [U'l]p n i,q , „ 1 [Ui l]p„ 1 ,(jn 1 

1 + X 

0 Pm [ n l]p„ 1 ,IJn 1 

+ 1 

) 

j Pn 1 1 +1 i n l\pn 1 ,qn 1 X 

(1 + x) 2 

\ IR 1 

Pm + Qm x 

[u-1 + l]p ni ,q ni 

1 K + i+.yn, ! + ® 

y 2 I 

^ Pn 2 q n 2 [^'2]pn 2 ,9n 2 [^2 — l]p n2 ,q„ 2 

1 + y 

r, Pn 2 [ 77 '2]pn 2 ,gn 2 

+1 ) 

PZ +l [ n ^Pu2T<ln2 y 

(1 + y) 2 \ 

^ [n 2 + l]p„ 2 ,q„ 2 

Pn 2 T ?n2?/ 

[n 2 + l]p„ 2 ,qr n2 

[^2 + l] 2 n2 , 9 „ 2 l + y 


Proof. 


- /(*,») I < (I /(«.») - fix. y) |i*.v) 


< S3(/;4 ni ,{ 1 + d-ifer* 

hni 


U 


X 


X 


1 I J (P'"l •P'n 2 ) ■ (+> ] J fn 2 ) 

r i j J-jni,n2 
Or 


J n 2 


V 


1+v 1+y 


1 + u 1 + x' 1 
J ’,x,y 


x,y 


Now by using the Cauchy-Schwarz inequality, we have 


1 


— j $n\ •> ^ 712 ) 1 1 c 


n 1 


L 




711,712 






^ 1 $n\ 1 ^ 712 ) \ 1 “1“ 


hn 


L 


1 + u 1 + x 1 

(Pn 1 ,Pn 2 ),(gr» 1 ,g« 2 ) / ^ V 


x,y 


L 


(.Pni iPn 2 ),(Qni iQn 2 ) 


711,712 


^00 7 *+ y) 


'711,712 


1+v 1+y 


;z,y 


L+\r 2) ’ (9ni ’ 9ri2) (eoo^,?/) 


< o;(/; h ni , h n2 ) < I + 77 - 


(1+x) 2 


P"1 Snj [lUlpnj [ n l ,9nj 1+X 


["1 + llJn, 




- 2 


P«i [ni] 




[rai+1] 




+ 1 + 


Pm +1 [ni\ Pni 

iQni 


["l + hpnj .9UJ 1+1 


X 1 + 

°n 2 


(i+p) 2 V 

This completes the proof. 


y 2 / P"2^ 2 2 t n2 lp»2 .9n2 [ n 2 l]f>Ti2’ 9n 2 1+y 


[ n 2+ l]pn 2 , 1 ]n 2 


Pn-2 + < ?"2 V 


- 2 


Pn 2 [ n 2]p„ 2 ,qn 2 


[>12 + 1 ] 


Pn 2 >9n 2 


+ 1 + 


P«2 [ n 2]pn 2 ■'In 2 y 


N+i]?„ 2 ^„ 2 i+y 


□ 



Now we will give an estimate concerning the rate of convergence by means of Lipschtz type 
maximal functions. In [SIS], the Lipschtz type maximal function space on E x E C M + x 
is defined as follows: 


W a i jQ2S 2 = {/ : sup(l + u) ai (1 + v) a2 (f ai>a2 (u,v) - f auaa {x,y )) 


< M 


(1 + x) ai (1 + y) a2 


: x, y < 0, and (u, v ) G E 2 } 


where / is bounded and continuous function on R + , M is a positive constant. For 0 < a\ < 
1, 0 < a 2 < 1, we define the function f ai . a2 as follows: 


/ai,a2+, n) fai,a2 (+ V) 


1 f(u,v 

)- 

■ f(x,y) 1 

\ u — X 

k*i 

n - y 

Ot-2 


Also, let d(x, E ) be the distance between x and E, that is 

d(x, E) = inf {| x — y |; y G E}. 

Theorem 4.2. Let 0 < ay < 1, 0 < a 2 < 1, then for all f G W aia2E 2 we have 


a i ol2 


< M (x)«V 2 (y) + 5n\ (x) (d(x, E)) ai + + 2 2 (y) ( d(y , E)p + 2 (d(x, A))" 1 (d(y, E)p 
where 8 ni (x) and S n2 (y ) are defined in Theorem f.l. 

Proof. Let x,y G R + , then there exits a (x 0 ,y 0 ) E E x E such that | x — x 0 \= d(x,E ), and 
I y — 2/o 1= d(?/, E). Thus we can write 

I f(u, v ) - /(x, 2 /) |<| /(a, n) - /(x 0 , y 0 ) \ + \ f(x 0 , y 0 ) - f(x, y) | . 

Since Lfef n2) ’ (9ni ’ 9 " 2) is a positive linear operator, / G W aij0l2j E 2 and by using the previous 
inequality we have 

| - f(x,y) I 

<1 f(u,v)-f(x„,y o) |;*,v)+ I f(x 0 ,y 0 )-f(x,y) | 

ai 


< 


1\/T T (P n l , P n 2 ) 5 (# n l ’^ n 2 ) 
iVT 1^712 ? 77,2 


t/, 3?Q 

1+U l+xo 

OL2 


V 0 


CK2 


x,y 


l+v l+2/o 

+ - T+ * - * L+,+*"‘*= ) (e„„; x, „) 

Since (a + 6)“ < a“ + b a , for a, b > 0 and 0 < a < 1, which consequently imply 


u 


x 0 


1 + u 


1 + Xo 

yo 


a l 

< 

u 

X 

Oil 

+ 

1 + u 

1 + X 

CK2 

< 

V 

y 

OL2 

+ 

l + v 

i + y 


X 


x 0 


1 + X 1 + x 0 

y yo 


i + y i + 2 /o 


1 + V 1 + 2/0 








































OL2 


-JPn 1 ,Pn 2 ),{<ln 1 ,qn 2 ) l/) — f (x 1 )) | < ’ Pn 2 ) > (?"1 >?"2 ) / 


u 


X 


«1 


+ 

+ 

+ 


y 

yo 

1 + y 

1 + 2/0 

X 

x 0 

1 + X 

1 + X 0 

X 

x 0 


«2 


1 + U 1 + X 

T (Pni iPn 2 ) 5 (Qn 1 ,qn 2 ) 

'- J Yl\ ,712 


L 


(Pnx >Pn 2 )>(9ni ^n 2 ) 


711,712 


1 + V 

1 + 2 / 

u 

X 

1 + u 

1 + X 

V 

y 


;^j/ 


0=1 


o=i 


y 


Vo 


1 + 2 / 1 + 1/0 


0=2 


1 + v 1 + y 


" (Pn 1 »Pn 2 )j(<Zni ,<?n 2 ) 
^ni,n 2 ’ 


1 + X 1 + x 0 

By applying the Holder inequality with pi = + , p 2 = + and = k+> g 2 = ++, then we 
have 


;®,s/ 


)x,y 


e 0Cb x i 


■ {Pni iPn 2 )’(^ n l ^ n 2 ) 


+2 


/ 


ai 


f 



_ y__ 

( 

1+w 1+ai 


1+t; 1+y 


_ T (Pni ,Pn2)lilni ,qn.2) 

— ,77-2 


/ 

u 

X 

l 

1+1£ 

1+rr 


0=1 


0=2 


', x ,y 

, x, (/ 1 ij ni ^ n2 


v _ 

l+i/ 1 + 2 / 


0-2 


;z,s/ 


< L 


(P«l ;P "2 + "2 ) 


I J-/ni,ri2 


x L 


(P«l ,qn 2 ) 


ni,n 2 


u _ q: 

1 +u 1 +x 


_v _P_ 

1+u 1+1/ 


;®,z/ 




7 - (Pn 1 ,Pn 2 ),(<ln 1 ,9n 2 ) / \ 

X/ni,n2 (TOOj ^7 V) 

T (j>n 1 ,Pn 2 )<(qn 1 ,9n 2 ) / \ 

-L'ni,n 2 [e 00 ,x,y) 


□ 


This completes the proof. 

Corollary 4.3. If it is taken E = M + as a special case of Theorem f.2, then for all f E 
we have 

I h7:if' aM, " I * 2 ) (/;X,») - /(x,y) |< M (+T(x)i.f (y)) , 
where S ni (x) and S n2 (y) are defined in Theorem 4.1. 


5. Some Generalization of L 


(l+l ^Pn 2 ),(qni ,qn 2 ) 


ni,n 2 


In this section, similar as in men, we define some generalization of the operators ( 2 . 1 ) for 
(p, g)-integers as follows: 

r (Pxi! ,Pn 2 ),(l/Ti! ,9n 2 ),(71172) / \ 

i,n 2 {J, x ,y> 

1 1 


n i n 2 / „ni+l—fci 

ir'ni 


EE/ 


+ k 1 ,g„ 1 +7l Pn 2 +1 2 Np„ 2 ,g„ 2 +72 


+"1 .gnj) / \ f(Pn 2 ,qn 2 ) ( \ A -' A. -' 

tni GJ tn 2 U// fei=0fe 2 =0 

(nX —fci )(n 1 — fcj —1) fci(fci-l) (n 2 — k 2 ) (n 2 — k 2 — 1) fc2( fc 2 — 1 ) 

xp„, 2 q ni 2 p „ 2 2 q n2 2 


+ni, A;i 


ni 

hi 


P^l jQ'nx L 

where b ni)kj for i — 1,2 satishes the following conditions: 


n 2 

h 2 


hn 2 ,fe 2 

k 1 / 2 , ( 71,72 e 


Pn 2 j?n . 2 


(5.1) 


P 


'nj fci+ 1 [h 4 ni ,g ni + = c m and ^ -+ 1 , for m -> 00 . 

Cr.A 


It is easy to check that if h nuki = k [n, : - h* + l] p „.,g„. + A for any n t , and 0 < q ni < p n . < 1, 
then c n; = [rij + l] Pn .,q n . + /3+ If we choose p ni = 1 , 7 * = 0 , for * = 1,2 then operators reduces 
to g-bivariate-BBH opeartors defined in j 8 j E]. 
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Theorem 5.1. Let p = p ni , p = p n . 2 and q = q ni , q = q ri2 satisfying (3.1), for 0 < q ni < p ni < 
1, 0 < q n2 < p n2 < 1 and if is defined by (5.1), then for any function 

f G W ai!a2j E 2 , we have 


linx 


- (Pn 1 ,Pn 2 ),(qn 1 ,qn 2 ), (71 >72) 


■711,712 


“'711,712 


< 3Mmax 


[ n l }pn 1 

Cnj +71 


[»ll] 


71 




(/; 2/) - f(x,y) 11 Cb (r+) 

Q1 / [n2] f 


'JPn2 >9n2 
Cn 2 +72 


72 


1 - 


[m+1] 


Pn^ ,<?n-L 


Cn x +71 


ai 


P™1 l+lJpn-L ,<7^ 
[711 + 1] 


Pn^ 


a 1 


1 - 


[n. 2 + 1 ] 


[ll 2 ]pn 2 ,( l n 2 
Ot-2 


Pn 2 i ( ln 2 


1 <-)P n l [ ni lpni »9 toi | [ n l]pn 1 [ n l l]pn 1 ,«?n 1 

~ " lm+l] Pni . qni + gni 

Proof. Using (2.1) and (5.1) we have 


Cn 2 +72 

1-2 


Pn 2 [ n 2]pn 2 >1n 2 

[n2+l] 


P7+2 5^7X2 


£*2 


P™2 [ n 2]p n2 ,<?no [ n 2]p n2 ,<jn 2 [ti 2 l]p n o ,<2no 

+ — h+-ig , 2 .«. 2 


Ltif ,a) ’ ( ”“’ , " aM7, ' 72) (/^>!/) - /(*,») 


1 _ 1 

— ^(P"! "^l > f-P ™2 '«™2 ) ^ £~ikl=0 ^k 2 =0 


< 


E ni sr~^n 2 

fci —0 2-^ko=(] 


X 


/ 


Prej fcl + 1 [fcl]pn 1 , gni +7l Pnj 




°n 2 ,k 2 


Pn 2 >Qn 2 +72 ^ y* ^ Pn^ [^l]pni ,<7ni P?i2 [^2]p n2 iQ.n 2 


71+^71^ ,fc^ 


(tx-] — fc-] )(tx-i —fc-} — 1) fci(fei~1) (n 2 — k 2 )(n 2 — k 2 — l) k 2 (k 2 — \) 

XPm 2 Qni 2 Pn .2 2 <?n 2 2 


?7l 

Ax 


Pn 1 1 Q.n 1 *- 


n 2 

k 2 


72+^712,^2 


x kl y k2 


Pn 2 ,9n 2 




E 7ll V^712 
/Cl =0 2—jk 2=0 


X 


/ 


P^ fcl + 1 [ fc l]pn 1 ,<M 1 Pnl + 1 [AgWg ,9n 2 


71 +^71^ ,fcl 


72+^712 ,Ac2 


-/ 


ni-fci + lr. ] n 2 -fc 2 + lr. , 

Pni L^lJPn^ jQti^ P n 2 [^\Pn 2 ,qn 2 


[ n l ^l + l]pnj >f?m qni [ n 2 ^2+ l]pn 2 .<Zn 2 Pn 2 


(»1 -fcj ) (n | -fcj -1) fcj (fcj — 1) (n 2 -k 2 )(n 2 -k 2 -l) fc 2 (fc2~!) 

X Pm qn\ P >>2 Qn2 


n\ 

Ax 


Pm >qn\ 


n 2 

k 2 


x kl y k2 


Pn 2 >9n 2 


+ I LtX~ M ""^\f-,x,y) - /(*,*) | . 

Since / G U /7 QliQ , 2i £;2 and by using the Corollary 4.3 we can write 
L kyP Mq " I ’''" Ml, ™\f;x, y ) - f(x,y) 

E n\ 12 

fci =0 2-^ho =i 


“ M +r i ’ 9ni) (U &p' qn2 \y) 


Pnl fcl + 1 hl]pn 1 ,9n 1 +71 

7i i — ki + 1 


n-1 —fcl+1 r. 1 

Pt 1 1 l^ljp71^ ,^711 


X 


Pnl fe2 + 1 [fc 2 ]pn 2 ,gn 2 +72 


Pni fc2 + 1 h’2]pn 2 ,9n 2 +72+6n 2 ,fc 2 72+Pnl 


Pm 

n 2 — fc 2 + l .. . 

Pn 2 l K 2\pn 2 ,qn 2 

2 _fc 2 + 1 r 


[^l]pni >9ni+71+^ni ,A>i 71+Pn^ [^l]pn^ .1n^ +^n^ 


[^ 2 ] p „ 2 5^712 +^ n 2 +2 


CK2 


(n-i -fc 1 )(ni -fc 1 -1) fc-] (fc-i -1) (n 2 -fc 2 )(n2-fc2-l) k 2 (k 2 -l) 

Qni Pn2 Qn2 


n\ 

Ax 


-I Pn^ ^ 


n 2 

k 2 


x kl y k2 


Pn 2 ,9n 2 


+M 


x 


i _ i 

(J (Pn 1 ,9n 1 ), , >» 2 ,?n 2 ) 
V^y *-712 

n 2 —^2 + 1 


(p) 


E Tli ST^ n 2 

ki=0 2-^k2=0 


m-k 1+ i 
Pni Y^i-\Pni,qni 


Pn 2 


[ta] 


Pn 2 iqn 2 


Pnr"^^ 


Pnj fc2 + 1 [ fc 2]pn 2 ,gn 2 


[^l]pn^ ,qni +7l+6n ll fc 1 Pm 1+1 [fell Pn^.qn^+fll 1 ^l + ljpn^ ,q , n 1 Pnj 


nj-%+1. , 

Pn^ L^lJpnj ,qni 


Pn 2 “ [^2]pn 2 ,(?n 2 +72+^n 2 ,fc 2 Pn 2 “ [^2]pn 2 >Qn 2 + [^2 ^2 + l]pn 2 ><ln 2 Pn 2 


(n 1 -fe 1 )(n 1 -fc 1 -l) fcj(fcl-l) (n 2 -fc 2 )(n 2 -fc 2 -1) fc2( fc 2~ 1 ) 

X Pm qni Pti 2 Qn 2 


a 2 


n± 

Ax 


J Pnj ,<Jn 1 L 


n 2 

A ; 2 


X kl y k 2 


Pn 2 ,9n 2 


+ M5ni (^)<5n 2 (y). 
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This implies that 


ifci - f(x,y) 

W Pnilft ,\“ 1 / -V, \ ai (\ni\ 


< M 
+M 


J Pn-^ )<?n^ 
Cnj +71 

1 


Nl] 


71 

Pn-± 


Pn 2 >9^2 
Cri 2 +72 


02 


72 


[” 2 ] 


Pri 2 >9^2 


O 2 


t^ qni \x) e% n2 ’ 9n2 \y) 


-j^ [71l + l]pri! ,<7ri! 

Ol 

^ [7l2 + l]p n 2 ,qri2 

c ni +71 


C n 2 +72 


V^rii V^71 2 

Z—/fci =0 Z-/fc 2=0 


n-i—fcl+lr, I 

Pn-L 


[” 1 + 1 ] 




01 +»r fc2+ + 2 w,+ “ 2 


[” 2 + 1 ] 


Pri2 >9n2 


(ni-fcljtn^-fci-l) fcl(fcj-l) (+ 2 -fc 2 )(n 2 -fc 2 -l) k 2 (k 2 -l) 

Xpm Qn\ Pn 2 Qn 2 


ni 

h 


= M 


+M 


[”i] 


Prip 


ai 


71 


c^i+71 J V Mpnj ><7n! 

iai 


[n 2 ] 


[’ 11 + 1 ] 


Pn-^ 


Cnj +71 


[n 2 + l]p „2 ,q„ 2 

Cn 2 +72 


Pri2 ’ c lri2 
Cn 2 +72 

o 2 


[n 2 ] 


72 


Pnp 

02 


n 2 

A ; 2 


Pri 2 ’ < 3'n2 


x kl y k2 +M5 n \ (x)5nl ( y) 


Pn 2 An 2 


T n\ ,71 2 

Pn-L ,Pn 2 ,9n 2 


((*r ;*>»)!£ 


n 2 

Pn^ )Pri 2 An2 


{{j^T 2 ]x,y) 


+ M8nl (x)8nl (y)- 

Using the Holder inequality for Pi = qi = and p 2 = g 2 = we get 


ifcif ’ a "+ <71 ’ 7a) (/; ,, y) - f( X , y) 

[ni] Pm , q nA ai ( 71 \ ai /M 


< M 


+M 


Cnj+71 y V^dpn, )<?n^ 

iai 


[m+i] 




Cnj +71 


[112 + 1 ] 


Pn 2 >9n2 
Cn2 +72 
02 


o 2 


[’ 12 ] 


72 


Pn 2 >9ri2 


O 2 


P ?+2 ?9n2 


Cn 2 +72 


7-711,712 

Pnp ,9n! ,Pn 2 >3n 2 


( 1+; U VT 1 ( L PnXl,Pn 2 ,<ln 2 U V)) 


1—a± 


x T 71! ,71 2 

Pn 1 An 1 ,Pn 2 An 2 


/ \ 1 — 0:2 21. 22. 
(t+; u y ) 2 ( l £$„ 1iP „ 2 , 9b2 ( e oo; u y )) + Wi 7+n 2 (p) 


< M 


+M 


[’•lU 1 , ? „,\ a 7 71 r 1 /Nr - x “ 2 


Cnj+71 J V^dpn, )1ni 

101 


[’ll+l] 


Pn\ ,Qni 


c ni +71 


[n 2 +l] 


dPn. 2 )<7n 2 
Cn 2 +72 
02 


[n 2 ] 


72 


Pn.2 >9ra 2 


Pn 2 ><7n 2 


Cti 2 +72 


This completes the proof. 


Ql 


/ Pn 1 [llllpnj ,qn 1 x 

V [’11 + llpn, , q ni 1 + X ) ^ [n 2 + l ] pn 2 , qn 2 1+2/ 


f raz^ i^U+M^’ (i)« (y). 

□ 
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